














e As initial condition, they chose a true upper-level normal mode, previously

obtained by running an experiment with § = 0.

e Since they wanted to follow the decay near the tropopause (z = 1), they com-
puted the values of F; = a;G;(1). The result turned out to be a sharply peaked
distribution in the phase-space domain, which could be nicely fitted by a Cauchy

distribution,

3 a,G;(1) = / de a(0)G(1, 0) ~ / dc(c—_c—o";mi , (9.28)

characterized by two parameters, the mean value ¢, and the width .

In this case, the solution at the tropopause can be explicitly calculated
K . KT .
1,t) = | ————e et de = ——e theole=hA 1> 9.29
¥(1,1) /(c—co)2—¥-/\2 A - (9:29)
which means that the tropopause streamfuntion-wave propagates with speed ¢,

and decays exponentially at a rate k.

e This sharply peaked combination of singular modes is called quasi-mode. After
the excitantion phase, quasi-modes slowly decay due to an interference mech-
anism among singular modes. The decay rate is dictated by the width of the
distribution peak. This behavior of quasi-modes is similar to that of marginally

stable normal modes.

e In the example considered by Rivest et al., the mean phase-speed ¢, at the
lid is less than the critical speed (2 = 1); in other words, the phase-speed of
the upper-level quasi-mode is NOT the same as the critical speed. The mean
phase-speed is also supposed to vary slightly with height. Nevertheless, in the
initial value experiment, the upper-level quasi-mode in the vicinity of the upper

lid could be approximately well described by
V(2,t) = Yp(z)ekerte RN (9.30)
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where ¥g(z) and cg are the streamfunction and the phase-speed of the upper
level edge-wave solution which had been taken as initial condition (a true nor-
mal mode from the case of infinite stratospheric stability). Using the balance
between interior PV fluxes and boundary heat fluxes, Rivest et al. predicted

the following decay rate

(T Bk 2 2, 12
kAN(e—Q)F . K=K+ | (9.31)

which was later confirmed by numerical experiments.

One of the important dynamical properties of quasi-modal disturbances is that
they can maintain energy for relatively long periods — although not an infinite

time, as neutral normal modes do.

Like singular modes, the spatial pattern of quasi-modes changes with time.
Rivest et al. also studied the time evolution of quasi-modes in the (z, z)-plane.
For instance, in an initial value experience, phase lines that were initially vertical
were seen to tilt with time. However, the changes in the pattern are relatively

slow.

Rivest et al. also studied the excitation of quasi-modes from optimal initial
conditions. They verified that the excitation process is similar on basic states
with zero and nonzero 3, which suggests that quasi-modal waves are as easily

excited as modal disturbances.

Finally, Rivest et al. considered more realistic profiles of velocity and static
stability in a semi-infinite atmosphere with a rigid lower boundary at z = 0.

The results previously described are robust.
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b. Impact of a barotropic shear

e Rivest et al. considered disturbances in a zonal channel and a basic wind u,
without meridional dependence, so that the disturbance fields were separable in
y and z. The flow was artificially confined by a pair of “walls” placed at y = 0, L.
They also mentioned previous studies indicating that a barotropic shear tends
to confine the disturbances close to the jet axis, in which case results are quite

similar to those obtained with the artificial channel.

e In the ENM diagnosis we have found candidates for quasi-modes. These quasi-
modes have sine and cosine components which can be interpreted as real and
imaginary parts of a complex ENM. These components seem to be related by
a meridional-gradient constraint, which raises the following question: Can the
interference of singular modes, which produces the slow exponential decay, also
generate meridionally related complex ENMs in the presence of a barotropic

shear?

c. Search for a gradient relation of complex quasi-modes

e In the initial-value problem studied by Rivest et al., a sharply peaked Cauchy
distribution was used to fit the observed values and explain the exponential
decay of quasi-modes. The peak of the distribution is centered around c, <
Cer, Where ¢, = 1 is the critical speed at the tropopause. In other words,
to construct the quasi-mode at the tropopause, they used a distribution of
singular modes with non-critical phase-speeds. Going back to the singular mode
exemplified in equation (9.10), we notice that G(z,c) is an analytic function of
¢ for values of ¢ away from the critical speed ¢ = z, i.e. we expect G(1,c) to
be analytic in ¢ near ¢, # 1. In this case the sharp peak in the distribution

should mostly come from the coefficient a(c), which is dictated by the initial
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conditions. In other words, we may assume that

¥(1,1) =/dc a(c)G(1, c)e~*¢ /dc +/\QG(1’C)e—ikct

—G(l co — iX)e keetg=kAL (9 39)

Q

Here G(1,c, — ) is the analytic extension of G(1,c) in the complex c-plane
around the value c,. It is complex in general and up to first order in the decay

rate can be approximated by
. L [0
G(1,¢c, —iX) = G(1,¢,) —z)\{&G(l,c)} (9.33)

Now the question is: When a weak meridional dependence is introduced, can

we relate the phase-speed gradient 0/0c to a meridional gradient 9/dy ?

Let us assume a basic wind u,(y, z) which depends weakly on y. In other words,

suppose that

Ou, < Ou,
Oy 0z

(9.34)

throughout the domain. Let us also assume “meridional smoothness”, which
means that a barotropic shear has a smooth impact on the results. In this case,

we would expect equation (9.32) to become

: K —tkc
Yy, 1,t) = /dc a(c)G(y,1,c)e % =~ /dc mG(y,l ,c)e ket

_ fXTG(y, 1, co — i\)e koot kM (g 35)

where G(y, z,c¢) is also expected to depend weakly on y. Now recall that the
equation that determines the singular modes generally involves the difference

¢ — U,. Suppose the basic wind can be modelled as

uo = Uo(2) +&f(y) (9.36)
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where ¢ is a small parameter and f(y) a smooth function of latitude. A gen-
erally weak dependence in y means that we may treat y as a parameter in the

equations. In that case, we can interpret the difference

c—u,={c—ef(y)} — Us(2) (9.37)

as a y-dependent shift in phase speeds. In other words, we would expect the

singular modes to depend on y as follows:
G(y,z,¢) = G(z,c—€f(y)) , (9.38)

where the distribution G on the r.h.s. is the singular mode obtained when € = 0.
Since we are keeping the height z fixed, let us drop the z dependence for now.
If the above assumption holds, then infinitesimal variations in ¢ are equivalent
to local variations in y. For instance, in regions where the meridional shear is

nonzero, i.e. if

fl(y) # 0= Byuo # 0 y (939)
then we may write
—G ~ ———1 —G 40
,C) & ,C 9.

Where the jet has meridional profile a maximum/minimum, we may use instead

9 1 9
Gy, 0) = —r—

e ) WG(y, c) (9.41)

and so on.

When all the above assumptions hold, the complex quasi-mode in equation

(9.35) can be written as

Gy, 1,¢,—iA) = GE(y, co) +iGL(y, co) (9.42)
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where the real part GF of the upper-level streamfunction is a smooth extension

of the quasi-mode found in the y-independent case (¢ = 0),

GE(y,co) = G(1,¢,—ef(y)) (9.43)
whereas the imaginary part G! relates to the real part as follows

2-2GRy,c) where f'(y) # 0

Fyuo Sy

Gi(y,co)ﬂ ~s72gGly, ), where f/(y) =0, f"(y) #0  (949)

ete.
\

This relation tells us that away from the jet’s meridional max/min, the imagi-
nary component is proportional to the meridional gradient of the quasi mode’s
real part. At the jet’s max/min, the imaginary part is proportional to the

meridional curvature of the real part, and so on.

e One of the problems with this derivation is that it treats differently the y and 2
dependences. We justify this discrimination by arguing that the vertical shear

is much stronger than the horizontal shear within the mid-latitude jet’s channel.

e Also, this derivation suggests that the relation between the real and imaginary
parts of the streamfunction is not simply given by a gradient, but is also modu-
lated by the inverse meridional gradient (or curvature) of the basic wind. This
might explain different correlations in other disturbance fields (such as zonal

wind and pressure).

e There is one further “experimental complication” in the recognition of gradient
relations: we were motivated by patterns produced by the ENM decomposition,
which in the best scenario generates conjugate pairs of ENMs, one of which can

be written as

Yn = GRcoskzr — GLsinkz (9.45)
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i.e. the cosine/sine components correspond to the real/imaginary parts of the
quasi-mode. However, we could translate the origin of the longitude axis, z —

z + «, which corresponds to a rotation in the complex ENM space giving

GR - (coska)GE — (sinka)G!

n n

(9.46)
GI

n

—  (coska)GL + (sin ka)GE

If the gradient relation G! oc 3,G® exists in one coordinate system, this kind of

rotation may partially hide it.

In the previous theoretical discussion, the phase a was absent because we im-
plicitly considered initial conditions like 1, (y, z)e*®, therefore o = 0. In the
ENM method, the zero line z = 0 is fixed arbitrarily and independently of the
data set, therefore we should expect to find rotated ENMs.

e Assume that ko is nonzero and that G! = y9,GE, with v small. In this case,

the rotation gives

GE(y) — coska{GE(y) — ytankad,GE(y)} ~ coska GE(y — vtanka)
(9.47)

Glly) — sinka{ycotkad,GE(y) + GE(y)} = sinka GE(y + v cot ka)

which means that a finite rotation would show up as a meridional translation of
the real component. The resulting real and imaginary parts of the streamfunc-
tion would be similar but centered at different latitudes. In fact, our candidate

for quasi-mode in the NCEP reanalysis diagnosis seems to have this property.

e Note that this result would be different if the unrotated modes were real: when
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G® # 0 and G' = 0, the a-rotation gives

GE - (coska)GE

n

(9.48)
GI — (sinka)GE

i.e. the real and imaginary parts would have the same pattern but different scale.
In fact, this property was observed in tests of the ENM algorithm applied to

exact solutions, using real neutral modes.

e Before assuming any y-dependence, we can consider the effect of rotation on

the complex singular mode (9.33):

GE=G(c,) — coska{G(c,)+ Atankad.G(c,)} ~ cos ka G(c, + Atanka)
(9.49)
G' = -)3,G(c,) — sinka{~Acotkad.G(c,) + G(c,)} ~ sinka G(c, — Acot ka)

Therefore, the appearance of a decay rate A together with a finite rotation «
produces a complex mode whose real/imaginary components are like two real

modes with differently shifted phase-speeds.

Again, if we assume the modes to depend on latitude through the combination
¢ — €f(y), then this kind of differential shift in phase speeds is equivalent to a
local shift in y.

d. An extra meridional modulation of compler quasi-modes

e Rivest et al. considered an overall sinusoidal dependence of the streamfunction,
sinly where | = /L, L being the channel width. This means that k? must be
replaced by K? = k2 + 12 (but the wavenumber [ is kept fixed).
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e Therefore this fixed sinusoidal dependence modulates all solutions so that the
streamfunction vanishes at the channel walls. It does not participate in the
gradient constraints previously discussed. All we have to do is to multiply the

results by sin ly:

GE(co,y) — sin(ly) GB(c,,y) , ete. (9.50)

3. Conclusion

Results form the ENM analysis of global data and numerical models suggest a
meridional-gradient constraint between the sine and cosine components of some of
the leading mid-latitude upper-tropospheric modes. These modes are supposedly well-
described by the theory of mid-latitude quasi-modes, consisting of a sharp distribution
of interfering singular modes. In this appendix, we have shown how this interference
mechanism provides, to some extent, and in presence of a weak barotropic shear, a

possible explanation to the observed meridional-gradient constraint.
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Appendix F

Supplemental figures

1. From the diagnosis of NCEP reanalyses data

Figure F1: Time-zonal mean of the meridional wind, in units of m s™.

Figure F2: Time-zonal mean of the (quasi-geostrophic) enstrophy of disturbances
[see definition in chapter 2], weighted by the basic density, showing that most vari-

ability occurs in the regions where the stability field ,, is large [see Fig.1le in chapter
2].

Figure F3: Some of the zonal contributions to the enstrophy shown in fig.F2:

(a) s =1, (b) s =5 and (c) s =9 indicating the latitudinal dependence of variability.

Figure F4: Pseudo-energy partition at wavenumbers s = 2,3,4,6,7 and 8: ki-
netic energy (K), potential energy (P), Doppler-momentum (D1) and Doppler-PV

term (D2), all in units of 1.25 x 10% J m~2.

Figure F5: Relation between the ENM spectral index n, the mean meridional
wavenumber [ and the mean vertical wavenumber m [defined as in chapter 2, section
5.c, using the meridional wind component v,s of the ENMs] for (a) s =1, (b) s =5
and (c) s =9.

Figure F6: Theoretical phase-speed of the leading 35 pairs of ENMs [the first
pair is defined as (n = 1,n = 2), the second pair as (n = 3,n = 4), etc.], all in units

of ms1.

Figure F7: Various components of the leading modes (n = 1) for (a) s =1 and
(b) 9.
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2. From the diagnosis of the GEM model dynamical core

1

Figure F8: Time-zonal mean of the meridional wind, in units of m s™', using (a)

the HSW forcing and (b) the BD forcing.

Figure F9: Time-zonal mean of the (quasi-geostrophic) enstrophy of disturbances
[see definition in chapter 2], weighted by the basic density, showing that most vari-
ability occurs in the regions where the stability field -y, is large [see Fig.1le in chapter

2], using (a) the HSW forcing and (b) the BD forcing.

Figure F10: Zonal contributions to mean enstrophy density (a) s =1, (b) s=5

and (c) s =9 in both dynamical-core experiments.

Figure F11: Theoretical phase-speed of the leading 18 pairs of ENMs [the first
pair is defined as (n = 1,n = 2), the second pair as (n = 3,n = 4), etc.], all in units

of m s™!, using (a) the HSW forcing and (b) the BD forcing.
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NCEP 5=9
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